ON WEAK*-CONVERGENCE IN Hl{R'^) 
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Abstract. Let L = —A+V be a Schrodinger operator on R'^, d>3, where 
y is a nonnegative function, V 0, and belongs to the reverse Holder class 
III this paper, we prove a version of the classical theorem of Jones 
and Journc on weak*-convergence in the Hardy space H\{W^). 



1. Introduction 

A famous and classical result of Fefferman [7] states that the John-Nirenberg 
space BMO{W^) is the dual of the Hardy space H^{W^). It is also well-known 
that H^{W^) is one of the few examples of separable, nonreflexive Banach space 
which is a dual space. In fact, let VMO{W'') denote the closure of the space 
C^iW^) in BMO{W^), where C~(M^) is the set of C~-functions with compact 
support, Coifman and Weiss showed in [Ij that H^{W^) is the dual space of 
yMO(M'^), which gives to H^{W^) a richer structure than L-'^(]R'^). For example, 
the classical Riesz transforms V(— A)^^/^ are not bounded on //^(M*^), but are 
bounded on H^{W^). In addition, the weak*-convergence is true in H^{W^), 
which is useful in the application of Hardy spaces to compensated compactness 
(see [2]). More precisely, in [9j, Jones and Journe proved the following. 

Theorem J-J. Suppose that {fj}j>i is a bounded sequence in H^{M.'^), and 
that fj{x) f{x) for almost every x G . Then, f G H'^{R'^) and {fj}j>i 
weak* -converges to f , that is, for every ip G VMO{R'^) , we have 



hm / fj{x)(p{x)dx = / f{x)ip{x)dx. 



The aim of this paper is to prove an analogous version of the above theorem 
in the setting of function spaces associated with Schrodinger operators. 

Let L = —A + be a Schrodinger differential operator on M*^, d > 3, 
where is a nonnegative potential, V 0, and belongs to the reverse Holder 
class RHd/2- In the recent years, there is an increasing interest on the study 
of the problems of harmonic analysis associated with these operators, see for 
example [H El El [TOl [HI [131 [E] ■ In [6] , Dziubahski and Zienkiewicz consid- 
ered the Hardy space Hl{R'^) as the set of functions / G L^(M'^) such that 
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Hi ■= II-Ml/IIli < oo, where Mifix) := sup^^o |e There, they 

characterized H}^(M.'^) in terms of atomic decomposition and in terms of the 
Riesz transforms associated with L. Later, in [5j, Dziubahski et ah introduced 
a BMO-tjpe space BMOLiM-"^) associated with L, and estabhshed the dual- 
ity between Hl{R'^) and 5M0l(R'^). Recently, Deng et al. [1] introduced 
and developed new \^MO-type function spaces VMOaO^'^) associated with 
some operators A which have a bounded holomorphic functional calculus on 
L'^iM!^). When A = L, their space VMOl(M'^) is just the set of all functions 
/ in BMOl{M.'^) such that 7i(/) = 72(/) = 73(/) = 0, where 



7i(/) 



72(/) 



lim 

r-s>0 



lim 

R^oo 



eR<',t<r ^ \B{x, t) I 



\f{y)-e-'^f{y)\'dy 



1/2 



B{x,t) 



sup 

t>R 



\Bix,t)\ 



\fiy) 



-,-tL 



f{y)?dy 



1/2 



B{x,t) 



73(/) 



lim 



sup 

B{x,t)nB{0,R)=Q 



\B{x,t)\ 



-tL 



fiy)\'dy 



1/2 



B{x,t) 



J 



The authors in |4j further showed that Hl(R'^) is in fact the dual of VMOiiM'^), 
which allows us to study the weak*-convergence in Hj^{M.'^). This is useful in 
the study of the Hardy estimates for commutators of singular integral operators 
related to L, see for example Theorem 7.1 and Theorem 7.3 of [TO] . 
Our main result is the following theorem. 

Theorem 1.1. Suppose that {fj}j>i is a bounded sequence in Hj^lW^), and 
that fj{x) — )■ f{x) for almost every x G M"'. Then, f G Hl{R^) and {fj}j>i 
weak* -converges to f , that is, for every ip G VMOl{R'^) , we have 



lim / fJx)ip{x)dx 



f{x)ip{x)dx. 



Throughout the whole paper, C denotes a positive geometric constant which 
is independent of the main parameters, but may change from line to line. In 
W^, we denote hj B = B{x,r) an open ball with center x and radius r > 0. 
For any measurable set E, we denote by its Lebesgue measure. 

The paper is organized as follows. In Section 2, we present some notations 
and preliminary results. Section 3 is devoted to the proof of Theorem II. 1[ In 
the last section, we prove that C^iR"^) is dense in the space VMOl(R )■ 
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2. Some preliminaries and notations 
In this paper, we consider the Schrodinger differential operator 

L = ~A + V 

on M.'^, d > 3, where V is a nonnegative potential, V ^ 0. As in the works of 
Dziubahski et al |S1 E] , we always assume that V belongs to the reverse Holder 
class RHd/2- Recall that a nonnegative locally integrable function V is said to 
belong to a reverse Holder class RHq, 1 < g < oo, if there exists a constant 
C > such that for every ball B dW^, 

/If c r 

[jB\ J ^^^''^^''^V -\B\J 

B B 

Let {Tt}t>o be the semigroup generated by L and Tt{x,y) be their kernels. 
Namely, 

Ttfix) = e-*V(x) = j Ti(x, y)f{y)dy, f e L\R''), t > 0. 

Since V is nonnegative, the Feynman-Kac formula implies that 

(2.1) 0<r,(x,y)<^^^e-^. 

According to |6j, the space Hj^(M.'^) is defined as the completion of 

{fEL'iR''):MLfeL\R'')} 

in the norm 

ll/lki := II-Ml/IIli, 

where A^L/(a;) := sup^-^Q \Ttf{x)\ for all x G M"'. 

In [5] it was shown that the dual space of Hj^lW^) can be identified with the 
space BMOl{R'^) which consists of all functions / G BMO{R'^) with 

(2.2) WfhMO, := \\f\\BMO+ sup / / \f{y)\dy <oo, 

p^^)<r\B{x,r)\ J 

B{x,r) 

where p is the auxiliary function defined as in [13], that is, 

(2.3) p(a;) = sup{r>0:^ J F(y)rfy < l}, 

B{x,t) 

X G M'^. Clearly, < p{x) < oo for all x G M°', and thus M'' = Unez'^"' where 
the sets Bn are defined by 

(2.4) Bn = {xeR'^: 2-("+^)/2 < p^^^ < 2-"/2}. 

The following fundamental property of the function p is due to Shen 
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Proposition 2.1 (see [i3\, Lemma 1.4). There exist Cq > 1 and /cq > 1 such 
that for all x,y e W^, 



\x - y\ 
p{x) 



-ko 



<piy)<Cop{x){i + 



\x - y\ 
p{x) 



Let VMOl(^'^) be the subspace of BMOl{^'^) consisting of tliose functions 
/ satisfying 7i(/) = 72(/) = 73(/) = 0, where 



7i(/) 



72(/) 



lim 



\fiy) 



-tL 



f{y)?dy 



1/2 



B{x,t) 



J 



( 



lim 

/?— >-oo 



sup 



\f{y)-e-'''f{y)\'dy 



1/2 



B{x,t) 



73(/) 



lim 



sup 

B{x,t)nB(0,R)=<!) 



\B{x,t)\ 



-tL 



fiy)\'dy 



1/2 



B{x,t) 

In jl] it was shown that Hl{R'^) is the dual space of VMOii 
In the sequel, we denote by Cl the L-constant 



where ko and Cq are defined as in Proposition 12.11 

Following Dziubahski and Zienkiewicz |6], we define atoms as follows. 

Definition 2.1. Given 1 < q < oo. A function a is called a {H\,q)-atom 
related to the hall B{xo,r) if r < Clp{xo) and 

i) supp a C B{xo,r), 

ii) \\a\\L. < \B{xo,r)\'l^-\ 

Hi) if r < ^p(xo) then J^^ a{x)dx = 0. 

Then, we have the following atomic characterization of Hj^iM.'^). 

Theorem A (see [B], Theorem 1.5). Let 1 < g < oo. A function f is in 
Hl(R'^) if and only if it can be written as f = J2j where aj are {H\, q)- 
atoms and Y^- \ Xj\ < oo. Moreover, there exists a constant C > such that 



<inf|5^|A,|:/ = 5^A,a,|<C||/|| 



Let P{x) = (47r) '^/^e '^'^'''^ be the Gauss function. According to [6], the 
space /i^(R'^), n E Z, denotes the space of all integrable functions / such that 

MJXx)= sup \Pt*f{x)\eL\R^), 

0<t<2-"/2 
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t~'^P(t^^-). The norm on h\{W^) is then defined by 



where P+i 



It was shown in [S] that the dual space of h\{W^) can be identified with 
6mo„(M'^) the space of all locally integrable functions / such that 



bmon 



BMO + 



sup 



_2~n/2<^ \B{x,r) 



\f{y)\dy < oo. 



B{x,r) 



Here and in what follows, for a ball B and a locally integrable function /, we 
denote by fs the average of / on B. Following Dafni [3], we define fmo„(]R'^) 
as the subspace of 6mOn(M'^) consisting of those / such that 



lim 



1 



sup 



',r<a \B{x,r) 



\ 



\fi.y)- fB(x,r)\dy 



B(x,r) 



and 



lim 

ii— >CXD 



sup 



B(x,r)nB(O,i?)=0,r>2-"/2 \B{x,r) 



J 



\f{y)\dy =0. 



B(x,r) 



Recall that 



is the space of all C°°-functions with compact support. 



Then, the following was established by Dafni [3]. 

Theorem B (see [3], Theorem 6 and Theorem 9). Let n G Z. Then, 
i) The space fmo„(R'^) is the closure of C'^{W^) in bmOn{^'^)- 
a) The dual c»/fmo„(R'^) is the space hl^{M.'^). 

Furthermore, the weak*-convergence is true in hl^{M.'^). 

Theorem C (see [3], Theorem 11). Let n G Z. Suppose that {fj}j>i is a 
bounded sequence in /i^(R'^), and that fj{x) — )■ f{x) for almost every x G M*^. 
Then, f G /i^(M'^) and {fj}j>i weak* -converges to f , that is, for every (f G 
fmo„(M"'), we have 



lim 



fj{x)(p{x)dx = / f{x)(p{x)dx. 



3. Proof of Theorem 11.11 



We begin by recalling the following two lemmas due to [6] . These two lemmas 
together with Proposition 12.11 play an important role in our study. 
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Lemma 3.1 (see [6j, Lemma 2.3). There exists a constant C > and a 
collection of balls Bn,k = -B(a;n,fc, 2~"/^), nGZ,k = 1,2,..., such thatXn,k £ Bn, 
Bn C Ufc^n.fc, and 

card{{n\ k') : i?2-"/2) n B{xn',k', R2-''l^) ^ 0} < i?^ 

for all n, k and R> 2. 

Lemma 3.2 (see [6], Lemma 2.5). There are nonnegative C°° -functions ipn,k! 
n E Ta, k = 1,2, supported in the balls B(xn,k, 2^^"/^) such that 

J2^n,k = l and ||VV^„,fe|Uo. <C2"/2. 

n,k 

The following corollary is useful, its proof follows directly from Lemma 13.11 
We omit the details here (see also Corollary 1 of [5J). 

Corollary 3.1. i) Let K be a compact set. Then, there exists a finite set 
r C Z X Z+ such that K n B{xn,k, 2i-"/2) = whenever (n, k) ^T. 
a) There exists a constant C > such that for every x G M°', 

card {(n, fc) G Z X Z+ : B{xn,k, 2^-'"/^) n B{x, 2p{x)) ^ 0} < 

Hi) There exists a constant C > such that for every ball B{x,r) with 
p{x) < r, we have 

\Bix,r)\ < Yl |5(x„,fc,2-"/2)| < c\Bix,r)\. 

The key point in the proof of Theorem 11.11 is the following result that we 
will prove in the last section. 

Theorem 3.1. The space C^iR'^) is dense m the space VMOl{R'^)- 
To prove Theorem 11.11 we need also the following two lemmas. 

Lemma 3.3 (see pQ], Lemma 6.5). Let 1 < q < oo, n E 1^ and x E Bn- 

Suppose that f G h\{W'') with supp f C B{x,2^~'^^'^) . Then, there are {Hl,q)- 
atoms Uj related to the balls B{xj,rj) such that B(xj,rj) C -B(x,2^~"/^) and 

oo oo 

with a positive constant C independent of n and f . 

Lemma 3.4 (see (4.7) in [6j). For every f G HliW^), we have 

Y.\\^n,kf\\Hl<C\\fUl. 
n,k 

Now, we are ready to give the proof of the main theorem. 
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Proof of Theorem 11.11 By assumption, there exists ^ > such that 

\\fj\\Hl<^, foranj>l. 

Let {n,k) G Z x Z+. Then, for almost every x G M'^, ipn,k{x)fj{x) — 
4>n,k{,x) f [x) since fj{x) — )■ f{x). By Theorem C, this yields that ipn^kf belongs 
to h\{W'-) and {'ipn,kfj}j>i weak*-converges to 'ipn,kf in h]i^'^)i ^^lat is. 



J-5-00 



(3.1) hm / ^pn,kix)fj{x)(j){x)dx = / Vn,fc(a;)/(a;)0(x)(ia; 



for all G C^(R'^). Furthermore, 

(3.2) ||^n,fc/|Ui < ||^n,fc/jlUi- 

As x„_fc G Bn and supp ■j/'n.fc/ C B(xn,k,'2^^^^'^), by Lemma IX^ there are 
{Hi, 2)-atoms aj' related to the balls B{x^' ,rj' ) C B{xn,k, 2^~"/^) such that 

Let N,K E Z+ be arbitrary. Then, the above together with (13. 2p and 
Lemma [3.41 imply that there exists mi^K ^ Z+ such that 

N K N K ^ 



-(1 +n2)(l + P) 

n=-Af fc=l J n=-Af fc=l ^ ^ 



where the constants C are independent of A^, K. By Theorem A, this allows 
to conclude that 

f = Y.i^u,kf ^ Hi{^') and mui<Y.T.\^t\^^'^- 

n,k n,k j 

Finally, we need to show that for every G VMOlIM."^), 



J^OO 



(3.3) hm / fj{x)(j){x)dx = / f{x)(j){x)dx. 



By Theorem 13.11 we only need to prove (13. 3p for cf) G C^(M°'). In fact, by 
[i) of Corollary 13.11 there exists a finite set C Z x Z+ such that 

f(j)= ^ and fjCj) = ^ ^An.fc/i^ 

(n,/c)er^ (n,fc)Gr^ 
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since supp tjjn,k C i?(a;„,fc, 2-*^""/^). This together with (13.11) give 

hm / fj{x)(j){x)dx = hm / > il)nk{x)fj{x)(j){x)dx 

(n,fc)er^ 



Ehm / V^„,fc(x)/j(x)0(x)(i, 
(n,fc)er^ jjd 

y ^/'„,fc(a;)/(x)0(x)(ia; 



(n,fc)Gr, 

f{x)(j){x)dx 



which ends the proof of Theorem 11.11 



□ 



4. Proof of Theorem 13.11 

The main point in the proof of Theorem 13.11 is the theorem. 

Theorem 4.1. Let CMOl(R^) be the closure of C^{R'^) m BMOl{^'^). 
Then, Hl{W^) is the dual space ofCMOLiM'^). 

To prove Theorem 14.11 we need the following three lemmas. 

Lemma 4.1. There exists a constant C > such that 

2-n/2 < 

whenever B{xn,k, 2"*^^"/^) fl B(x, r) 7^ and p{x) < r. 

The proof of Lemma follows directly from Proposition 12. 1[ We leave the 
details to the reader. 

Lemma 4.2. Let ipn,k, {n,k) G Z x be as in Lemma Then, there 

exists a constant C independent of n, k,'ilJn,k, such that 

(4.1) Un,kf\Umo„<C\\f\Umo„ 

for all f G bmOniM.'^), and 

(4.2) WMWbmo, < CUWhmo^ 
for allcjye C^{W^). 

Lemma 4.3. For every f G BMOl{W^), we have 

bmol ~ sup I / / \fiy)-fB{x,r)\dy+ sup ,„/ / \f{y)\dy. 

r<p(x)\B{x,r)\ J p{x)<r<2p(x)\B{x,r)\ J 

B{x,r) B{x,r) 
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Proof of Lemma \4 ■ 4 Noting that ^/'n^fc is a multiplier of 6mo„(R°') and ||^/'n,fc||Loo < 
1, Theorem 2 of [12] allows us to reduce (14. ip to showing that 



(4.3) 



log ( e + 



2-n/2 



\B{x, r) 



\B(x, r) 



dy<C 



B{x,r) 



B{x,r) 



holds for every ball B{x, r) which satisfies r < 2 In fact, from || VV^n.^lUo^ < 



C2"/^ and the estimate log + 
log + 



2-n/2 



< supo<t<itlog(e+ < oo, 



2-n/2 



\B(x, r) 



\B{x, r) 



dy 



B{x,r) 



log e + 



< 



2-n/2 



\B(x,r)\^ 



B{x,r) B{x,r) 



< log + 



2-n/2 



||V^, 



n,k\\L°° 



B{x,r) 

li^nAv) - '^Pn,k{^)\dzdy 
2r 



< ^^log(e+^ 



<C, 



which proves (14.31) . and thus (14. ip holds. 
As (HTT]) holds, we get 

\\'4^n,k4>\\BMO < \\i^n,k4>\\bmo„ < 



Therefore, to prove (14. 2p . we only need to show that 

1 



bmon • 



(4.4) 



\B{x, r) 



\^n,kiy)(l^iy)\dy < cim 

bmOn 



B(x,r) 



holds for every x G M'^ and r > p{x). Since supp V'n.fc C i?(a;„,fc, 2^~"/^), (14.41) 
is obvious if B(x,r) fl -B(xn,fc, 2^""^/^) = 0. Otherwise, as p(x) < r. Lemma l4T 
gives 2~"/^ < Cr. As a consequence, we get 



\B(x, r) 



\i'n,k{y)'Piy)\dy < c sup 



1 



B{x,r) 



-B(x, r) 



l0(l/)Ml/ 



B(a;,r) 



< L^||V||6mo„ 

which proves (14.41) . and hence (14. 2 p holds. 



□ 
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Proof of Lemma \4.^ Clearly, it is sufficient to prove that 

(4.5) sup — ^ / \fiy)\dy<C sup — ^ / \fiy)\dy. 

pix)<r \B{x,r)\ J p(x)<r<2p(x) \B{x,r)\ J 

B{x,r) B{x,r) 

In fact, for every ball B{x,r) which satisfies p{x) < r, setting 
G = {(n, A;) G Z X Z+ : B{xn,k, 2""^^) H B{x, r) ^ 0}, 

one has 

E(x,r)cU(„,,)eG5(a;„,fc,2-"/2) ^ \B{xn,k,2"'/^)\ < C\B{x,r)\ 

{n,k)&G 

since M'^ = VJn&^n C U„_A:-B(a;n,fc, 2^"^^) and (iii) of Corollarv 13.11 Therefore, 
1 



(n,fc)GG 



B(z,s) 



< sup — ^ / |/(y)|dy, 

B{z,s) 

which implies that (14. 5 p holds. 



□ 



Proof of Theorem\4l\ Since CMOiiM'^) is a subspace of 5M0l(M'^), which 
is the dual of Hj^{W^, every function / in Hj^{M.'^) determines a bounded linear 
functional on CMOl(M.'^) of norm bounded by 

Conversely, given a bounded linear functional T on CMOl{M.'^). Then, for 
every (n, k) G ZxZ"*", from (14. 2 p and density of C^(M'^) in vmOn (M'='),the linear 
functional Tn,k{g) ^ T{ipn,kg) is continuous on fmo„(M'^). Consequently, by 
Theorem B, there exists fn,k ^ such that for every G C^(]R'^), 

(4.6) r(*.,« = r„,(« = //„,fe)0fe)d,. 

moreover, 

(4.7) ||/n,fclUi <c||r„,fc||, 

where C is a positive constant independent of n, k, ipn,k and T. 

Noting that supp tjjn,k C i?(a;„^fc, 2-*^""/^), (14. 6 p implies that supp fn,k C 
S(x„^fc, 2^""/^). Consequently, as x^^fc G Lemma IX^ yields that there are 
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(if]^, 2)-atoms a^'^ related to the balls rj''^) such that 

oo oo 

(4.8) u = E ^f^f' E ^ 

3=1 3=1 

with a positive constant C independent of 4'n,k and fn^k- 

Since supp fn^k C i?(a;„^fc, 2^~"/^), by Lemma [XT| the function 

is well defined, and belongs to Ll^^(M.'^). Moreover, for every e C^(M'^), by 
(z) of Corollary 13. H there exists a finite set C Z x Z"*" such that 

(n,fc)er0 (n,'s)Gr^jgrf 

Next, we need to show that / e HKW^). 

We first claim that there exists C > such that 

(4.9) 

n,k 

Assume that (14.91) holds for a moment. Then, from (14. Sp . there are {Hl,2)- 
atoms a^'^ and complex numbers Aj'^ such that 

n,fc J n,k j n,k 



By Theorem A, this proves that / G Hl{W^), moreover, < C\ 

Now, we return to prove (14. 9p . 

Without loss of generality, we can assume that T is a real- valued functional. 
By dlT]), for each (n, fc) G Z x Z+, there exists ^n,k e C~(M'^) such that 

(4.10) ||0n,fc||i,mo„ < 1 and ||/n,fc|Ui < CT{i)n,k<Pn,k)- 

For any F C Z X Z+ a finite set, let = E(„.fc)Gr V'n,fc0n,fc e C~(R'^). We 
prove that ||0||bmOl < C. Indeed, let B{x,r) be an arbitrary ball satisfying 
r < 2p{x). Then, by (u) of Corollarv l3.1l we get 

card{{n, k) e Z x Z+ : B{xn,k, 2^-"/^^ n B{x, r) ^ 0} < C. 
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This together with fH?Tl) and flCT?]) give 



' \T / {(f'iy) ~ 4'B(x,r)\dy < C sup Wijj 



B(x,r) 

< C sup \\llJn,k4'n,k\\bmo„ 

(n,fc)er 

< C sup II 0n,A: II femo„ < C* 

(n,A;)er 

if r < p(x), and as fl4.4p . 

ip/ M / M?/ < c sup I / ,| / \i)n,k{y)(t)n,k{y)\dy 

\B[x,r)\ J („^fc)gr |S(x,r)| J 

B{x,r) B(x,r) 

< C sup II II 6mo„ < C 

if p{x) < r < 2p{x). Therefore, Lemma [4.31 yields 

\bmol < c\ sup I / / \(p{y) - (pBix,r)\dy + 



B{x,r) 

p{x)<r<2p{x) \^\X,r)\ J ) 



B(x,r) 

< c 

since B{x,r) is an arbitrary ball satisfying r < 2p{x). This implies that 

{n,k)eT {n,k)eT 

< c||r||||0||BMo.<qir||. 

Consequently, f l4.9p holds since F C Z x Z+ is an arbitrary finite set and the 
constants C are dependent of F. This ends the proof of Theorem 14.11 

□ 

To prove Theorem 13.1^ we need to recall the following lemma. 

Lemma 4.4 (see Lemma 3.0). There is a constant e > such that for 
every C there exists C > such that for every t > and \x ~ y\ < C p{x), 

1 _\x-yf_ 1 f\x — y\Y 

Proof of Theorem ICT As Hl{W^) is the dual space of VMOl{^'^) (see 
Theorem 4.1 of [4j), by Theorem 14. II and the Hahn-Banach theorem, it suffices 
to show that C^{W^) C VMOl{^'^). In fact, for every / e C^{W^) with supp 
f C B{0, Rq), one only needs to establish the following three steps: 



ON WEAK*-CONVERGENCE IN Hl(R'^) 

Step 1. By dM]), one has ||e-*^/||i2 < ||/||i2 for all t > 0. Therefore, 



\Bix,t)\ 



\fiy)-e-''^fiy)\''dy< 



B{x,t) 



for all X G M°' and t > 0. This implies that 



72(/) = Jim 



\ 



sup . 

x'gRd />/j \ \B[x,tj\ 



\fiy)-e-''^f{y)\-'dy 



1/2 



Step 2. For every i? > 2Ro and 5(a;, t) n B{0, R) = 0, by again, 
1 



B(x,t) 



< 



\f{y)-e-''^f{y)\'dy 
1 



\f{z)\dz) dy 



B(x,t) 
2 



B{0,Ro) 



< (4vr)-'^||/||i.-,e-|r<(47r)-'^"-"2 



i?2 



Therefore, 



73(/) = lim 

/?— )-oo 



sup . 

B(x,t)nB(o,_R)=0 ^|-D(a;,t)| 



1/2 



B(x,t) 



Step 3. Finally, we need to show that 



(4.11) 7i(/) = lim 



sup lip/ X I 



l/(2/)-e-*^/(2/)|% 



1/2 



B{x,t) 



For every x G M*^ and t > 0, we have 



fiy)- 



1/2 



(47rt)^/2 



_B(x,t) 

< sup |/(y)-/(^)|+2||/|Uo 

|j/-2|<tl/4 



e « f{z)dz 
1 



(47rt)'i/2 



e 4t (^2;. 



|2|>tl/4 
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By the uniformly continuity of /, the above imphes that 
/ 



hm 

r-s>0 



v 



sup 



\B{x,t)\ 



1 



B{x,t) 



(47rt)rf/2 



\y-z\' 

e 4* 



f{z)dz 



2 .1/2 

dy 



0. 



Therefore, we can reduce (14. lip to showing that 
(4.12) 
/ 



hm 

r->0 



v 



sup 

xeR''-,t<r 



\B{x,t)\ 



2 \ 1/2 



B{x,t) 



e « -Tt{y,z) \f{z)\dz dy 



J 



From supp / C 5(0, -Rq) and W'' = Lin,kB{xn,k,'^~'''^^'^), there exists a finite 
set F/ C Z X Z+ such that supp / C ^(n,k)€rfB{xn,k, 2~"/^). As a consequence, 
(I4.12P holds if we can prove that for each (n, k) G Fj, 
(4.13) 
/ 



lim 

r-s>0 



V 



sup 

xGR''-,t<r 



\Bix,t)\ 



e 4* -Tt{y,z) \f{z)\dz dy 



We now prove dUni). Let X e M'^ and < t < 2-2". As Xn,k e by 
Proposition O, there is a constant C > 1 such that C-i2~"/2 < p^^^ < (72^"/^ 
for all z G -B(x„,fc, 2""/^). This together with (12. ip and Lemma [4. 4[ give 



1/2 



1 



\B{x,t)\ 



[iTity/ 



1 |y-z|2 ] 2 

e 4t _ Tt(?/,z) 1/(^)^2; dy 



< 2 



(47rt)''/2 



e-^dz + C2""/2 



dz, 



|>tl/4 



which implies that (I4.13P holds. The proof of Theorem 13.11 is thus completed. 

□ 
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